We perform an analytical and numerical study of the phase transitions in threedimensional Z(N ) lattice gauge theories at finite temperature for N > 4 exploiting equivalence of these models with a generalized version of the two-dimensional vector Potts models in the limit of vanishing spatial coupling. In this limit the Polyakov loops play the role of Z(N ) spins. The effective couplings of these two-dimensional spin models are calculated explicitly. It is argued that the effective spin models have two phase transitions of BKT type. This is confirmed by large-scale Monte Carlo simulations. Using a cluster algorithm we locate the position of the critical points and study the critical behavior across both phase transitions in details. In particular, we determine various critical indices, compute the helicity modulus, the average action and the specific heat. A scaling formula for the critical points with N is proposed.
Introduction
The phase structure of three-dimensional (3d) pure Z(N) lattice gauge theories ( LGTs) has been the subject of an intensive study for more than three decades. It is well known by now that the zero-temperature models possess a single phase transition which disappears in the limit N → ∞ [1] . Thus, the U (1) LGT has a single confined phase in agreement with theoretical results [2] . The deconfinement phase transition at finite temperature is well understood and studied for N = 2, 3. These models belong to the universality class of 2d Z(N) spin models and exhibit a second order phase transition in agreement with the Svetitsky-Yaffe conjecture [3] . Much less is known about the finite-temperature deconfinement transition when N > 4. The Svetitsky-Yaffe conjecture is known to connect critical properties of 3d Z(N)
LGTs with the corresponding properties of 2d spin models, if they share the same global symmetry of the action. It is widely expected, and in many cases proved by either analytical or numerical methods, that some 2d Z(N > 4) spin models (like the vector Potts model) have two phase transitions of infinite order, known as the Berezinskii-Kosterlitz-Thouless (BKT) phase transitions. Then, according to the conjecture, the phase transitions in some 3d Z(N > 4) gauge models at finite temperature could exhibit two phase transitions as well. Moreover, if the correlation length diverges when approaching the critical point, these transitions should be of the BKT type and belong to the universality class of the corresponding 2d Z(N) spin models.
The BKT phase transition is known to take place in a variety of 2d systems: certain spin models, 2d Coulomb gas, sine-Gordon model, Solid-on-Solid model, etc. The most elaborated case is the 2d XY model [4, 5, 6] . There are several indications that this type of phase transition is not a rare phenomenon in gauge models at finite temperature -one can argue that in some 3d lattice gauge models the deconfinement phase transition is of BKT type as well. A well known example is the deconfinement phase transition in the U (1) LGT. Indeed, certain analytical [3, 7, 8] as well as numerical results [9, 10] unambiguously indicate the BKT nature of the phase transition 1 . Many details of the critical behavior of 2d Z(N) spin models are well known -see the review in Ref. [11] . The Z(N) spin model in the Villain formulation has been studied analytically in Refs. [12, 13, 14, 15, 16, 17] . It was shown that the model has at least two phase transitions when N ≥ 5. The intermediate phase is a massless phase with power-like decay of the correlation function. The critical index η has been estimated both from the renormalization group (RG) approach of the Kosterlitz-Thouless type and from the weak coupling series for the susceptibility. It turns out that η(β (1) c ) = 1/4 at the transition point from the strong coupling (high-temperature) phase to the massless phase, i.e. the behavior is similar to that of the XY model. At the transition point β (2) c from the massless phase to the ordered low-temperature phase one has η(β (2) c ) = 4/N 2 . A rigorous proof that the BKT phase transition does take place, and so that the massless phase exists, has been constructed in Ref. [18] for both Villain and standard formulations of the vector Potts model. Universality properties of vector Potts models were studied via Monte Carlo simulations in Ref. [19] for N = 6, 8, 12 and in Refs. [20, 21, 22, 23] for N = 5, 7, 17. Results for the critical indices η and ν agree well with the analytical predictions obtained from the Villain formulation of the model.
We expect that 3d Z(N) gauge models at finite temperature exhibit the same critical properties as Z(N) spin models in two dimensions. In particular, gauge models with N > 4 may possess two phase transitions of the BKT type. On the basis of the SvetitskyYaffe conjecture the critical behavior of the gauge model in this case is governed by the 2d Z(N) spin model. In particular, one expects the following values of critical indices: ν = 1/2, η = 1/4 at the first transition and ν = 1/2, η = 4/N 2 at the second transition. To the best of our knowledge this scenario was not verified in the literature by either analytical or numerical means. The main goal of the present paper is to fill this gap and to study the nature of deconfining phase transitions in 3d Z(N) LGTs.
The fact that the BKT transition has infinite order makes it hard to study its properties using analytical methods. In most of the cases studied one uses a renormalization group (RG) technique like in Ref. [12] . Unfortunately, there are no direct ways to generalize transformations of Ref. [12] , leading to RG equations, to 3d Z(N) LGTs except for the limiting case N → ∞. To study the phase structure of these models we need numerical simulations. Here, however, another problem appears related to the very slow, logarithmic convergence to the thermodynamic limit in the vicinity of the BKT transition. It is thus necessary to use both large-scale simulations and combine them with the finite-size scaling methods. For a full finite-temperature gauge model this is an ambitious program, especially if one wants to study several values of N. We have therefore decided to utilize an approach developed by some of the present authors in Refs. [9, 10] and to divide the whole investigation into two steps. The finite-temperature model is formulated on anisotropic lattice with different spatial and temporal couplings. Here, following [9] , as a first step, we study the limit of vanishing spatial coupling. Since this approximation does not affect the global symmetry properties of the model, we hope that in this limit the model belongs to the same universality class as the full theory. It is well known that for both three-and four-dimensional gauge models at finite temperature this is indeed the case, at least for N = 2, 3, 4. Furthermore, in this limit the gauge model can be mapped onto a generalized Z(N) spin model in 2d. Thus, this investigation sheds some light on the details of the critical behavior of the general Potts model, i.e. beyond the vector Potts model, which is usually considered in the literature. In the present paper we study the phase transitions in models with N = 5, 7 in great details and in addition we locate critical points of the models with N = 9, 13. Our computations are performed on lattices with temporal extent N t = 2, 4 and with spatial size in the range L ∈ [128 − 2048]. This paper is organized as follows. In Section 2 we formulate our model and study some of its properties analytically. In particular, we establish the exact relation with a generalized 2d Z(N) spin model and discuss some of the RG predictions regarding the critical behavior. Also, we give simple analytical estimates for the critical couplings. In Section 3 we present the setup of Monte Carlo simulations, define the observables used in this work and present the numerical results of simulations for N = 5, 7. In Section 4 we present results for the critical points in the models with N = 9, 13 and discuss the scaling of the critical points with N. Our conclusions and perspectives are given in Section 5. LGT to a generalized 2d Z(N ) vector model
We work on a 3d lattice Λ = L 2 × N t with spatial extension L and temporal extension
denote the sites of the lattice and e n , n = 0, 1, 2, denotes a unit vector in the n-th direction. Periodic boundary conditions (BC) on gauge fields are imposed in all directions. The notations p t (p s ) stand for the temporal (spatial) plaquettes, l t (l s ) for the temporal (spatial) links.
We introduce conventional plaquette angles s(p) as
The 3d Z(N) gauge theory on an anisotropic lattice can generally be defined as
The most general Z(N)-invariant Boltzmann weight with N − 1 different couplings is
The Wilson action corresponds to the choice β p (1) = β p , β p (k) = 0, k = 2, ..., N − 1. The U(1) gauge model is defined as the limit N → ∞ of the above expressions.
To study the phase structure of 3d Z(N) LGTs in the strong coupling limit (β s = 0) one can map the gauge model to a generalized 2d spin Z(N) model with the action
The effective coupling constants β k are derived from the coupling constant β t ≡ β of the Z (N) LGT, using the following equation (the Wilson action is used for the gauge model):
where
These equations can be easily obtained in a few steps following similar computations for 3D SU(N) model in the same limit β s = 0 (see, for example, Ref. [24] and references therein):
• Fourier expansion of the original Boltzmann weight;
• Integration over spatial gauge fields; this leads to an effective 2d model for the Polyakov loops with the Boltzmann weight Q(s(x) − s(x + e n )) defined in (6);
• Exponentiation and re-expansion in a new Fourier series.
Renormalization group and critical behavior
To gain some information on the critical behavior of the gauge model at β s = 0, one can perform the RG study of the theory. Let us consider the 2d model obtained after integration over spatial gauge fields,
The coefficients B k ≡ B k (β) are given in (7) and can be represented as
Here, I k (x) is the modified Bessel function. The spin variables s(x) can be associated with the Polyakov loops of the original model. The RG equations can be obtained only for the Villain formulation of the model. Replacing the Bessel function with its asymptotics and using the Poisson summation formula, one finds
This is nothing but the Villain formulation of 2d Z(N) vector model with β eff defined as
The RG equations for the model (11) have been constructed in [12] . Their analysis has been performed by us in a recent work [23] . Therefore, all the conclusions as to the critical behavior remain valid in the present case. We shortly list the main results below:
1. The critical RG trajectories in the planes (β eff , y) and (β eff , z), where y, z are the activities of the vortex configurations, coincide with those of the 2d Z(N) vector spin model;
2. The critical index ν has been computed numerically from the RG equations for a variety of N. It takes on the value 1/2 for all N considered, in particular for N = 5, 7;
3. The calculation of the two-point correlation function reveals that the index η is equal to 1/4 at the first transition point, while η = 4/N 2 at the second critical point [12] . The same behavior is valid for the correlation of the Polyakov loops in our model; 4. In [23] we have calculated the dependence of the critical points on N. These scaling formulae are expected to hold in the present case for any fixed N t and will be the subject of the discussion in Section 4.
Estimation of the critical points
The location of the critical points in 3d Z(N)
LGTs for N > 4 is unknown. Therefore, before presenting numerical results, it is instructive to give some simple analytical predictions for the critical values of β crit for different values N t . Such a prediction could serve then as the starting point for the numerical search of the critical points. Following [9] , such critical values can be easily estimated if one knows β crit for N t = 1. Since the model with N t = 1 coincides with the 2d Z(N) model, approximate critical points for other values of N t can be computed from the equality
where x on the right-hand side denotes the unknown critical point. Solving the last equation numerically one finds x. As for the critical points β crit at N t = 1, we use our previous estimates from [21] . As it will be seen below, the predicted values are in a reasonable agreement with the numerical results. Table 1 summarizes approximate analytical predictions for the critical couplings at the two transitions, denoted by β (7) 3 Numerical results
Setup of the Monte Carlo simulation
To study the phase transitions we used the cluster algorithm described in [21] . The model is studied on a square L × L lattice Λ with periodic BC. Simulations were carried on for N t = 2, 4, but could easily be done also for other values of N t , since the parameter N t appears only in the definition of the couplings (5). As original action of the gauge model we used the conventional Wilson action. For each Monte Carlo run the typical number of generated configurations was 10 6 , the first 5 × 10 4 of them being discarded to ensure thermalization. Measurements were taken after 10 updatings and the uncertainty on primary observables was estimated by the jackknife method combined with binning.
We considered the following observables:
where n i is number of s(x) equal to i;
• real part of the rotated magnetization M R = |M L | cos(Nψ) and normalized rotated magnetization m ψ = cos(Nψ);
• helicity modulus Υ,
and the notation ij x means nearest-neighbors spins in the x-direction. 
Determination of the critical couplings
A clear indication of the three-phase structure emerges from the inspection of the scatter plot of the complex magnetization M L at different values of β: as we move from low to high β, we observe the transition from a disordered phase (uniform distribution around zero) through an intermediate phase (ring distribution) up to the ordered phase (N isolated spots), as Fig. 1 shows for the case of Z(5) on a 16 2 × 2 lattice. The first and most important numerical task is to determine the value of the two critical couplings in the thermodynamic limit, β (1) c and β (2) c , that separate the three phases. To this aim we have adopted several methods, which we list here:
• Methods for the determination of β by a fit with the following scaling function, dictated by the essential scaling: valid under the assumption that the phase transition belongs to the XY universality class.
• Methods for the determination of β and the order parameter m ψ .
As an illustration of the methods (a) and (d), we show in Figs. 2 and 3 the behavior of M L (and of its susceptibility) and that of S L (and of its susceptibility) versus β in Z(7) on lattices with N t = 2 and L ranging from 128 to 2048. In Table 2 we summarize all the values of β and of m ψ versus β in Z(5) on lattices with N t = 4 and L ranging from 128 to 2048.
As an illustration of the method (c), we show in Fig. 7 the behavior of the helicity modulus Υ versus β along with the line Υ = 1/(2πβη), η = 1/4, describing pseudocritical points, in Z(5) and in Z(7) on lattices with N t = 2, 4 and several values of the spatial extension L. For larger values of L only the points around the intersection were simulated.
Finally, we report in Table 3 the determinations of the critical couplings β in Z(N) with N=5 and 7 for N t =2 and 4, specifying the adopted method. as function of β (left) and of (β − β c )(ln L) 1/ν (right) in Z(7) on lattices with N t = 2 and L ranging from 128 to 2048. in Z(N) on lattices with size L 2 × N t . The fourth (sixth) column gives the method adopted to find β
c ). 
Determination of critical indices at the two transitions
Once critical couplings have been estimated, we are able to extract some critical indices and check the hyperscaling relation. We start the discussion from the first transition. According to the standard finite-size scaling (FSS) theory, the equilibrium magnetization |M L | at criticality should obey the relation |M L | ∼ L −β/ν , if the spatial extension L of the lattice is large enough 2 . Therefore, we fit data of |M L | at β (1) c on all lattices with size L not smaller than a given L min with the scaling law
where a non-zero value for r takes into account the possibility of logarithmic corrections [26, 27] . The FSS behavior of the susceptibility χ
, where γ/ν = 2−η and η is the magnetic critical index. Therefore we fit data of χ
on all lattices with size L not smaller than a given L min according to the scaling law
As the value of the critical coupling β
we use the central value of the determination from the method (b) (see Table 3 ).
The results of the fits are summarized in Tables 4, 5 , 6, 7, for the cases of Z(5) with N t =2, Z(5) with N t =4, Z(7) with N t =2 and Z(7) with N t =4, respectively. The reference value for the index η at this transition is 1/4, whereas the hyperscaling relation to be fulfilled is γ/ν + 2β/ν = d = 2.
The procedure for the determination of the critical indices at the second transition is similar to the one for the first transition, with the difference that the fit with the scaling laws Eqs. (20) and (21) is to be applied to data of the rotated magnetization, M R , and of its susceptibility, χ (M R ) L , respectively. As the value of the critical coupling β we use the one determined from the method (e) (see Table 3 ).
The results of the fits are summarized in Tables 8, 9 , 10, 11, for the cases of Z (5) with N t =2, Z(5) with N t =4, Z (7) with N t =2 and Z (7) with N t =4, respectively. The reference value for the index η at this transition is 4/N 2 , i.e. η = 0.16 for N = 5 and η = 0.0816.. for N = 7, whereas the hyperscaling relation to be fulfilled is γ/ν + 2β/ν = d = 2.
A general comment is that in many of the cases we investigated both d and η at the two critical points slightly differ from the expected values, though these differences cancel to a large extent if we define η as 2β/ν.
There is an independent method to determine the critical exponent η, which does not rely on the prior knowledge of the critical coupling, but is based on the construction of a suitable universal quantity [28, 21] . The idea is to plot χ
and to look for the value of η which optimizes the overlap of curves from different volumes. This method is illustrated in Fig. 8 for the case of Z(7) with N t = 4: for η = 0.25 the overlap is optimal in the lower branch of the curves, corresponding to the region of the first transition, while per η = 0.0816 ≃ 4/7 2 the overlap is optimal in the upper branch. Another option is to plot M R L η/2 versus m ψ , which leads to overlapping curves for η fixed at the value of the second phase transition, as illustrated in Fig. 9 for the case of Z (7) with N t = 2 and N t = 4. Table 4 : Critical indices β/ν and γ/ν for the first transition in Z(5) with N t = 2, determined by the fits given in Eqs. (20) and (21) Table 4 for Z(5) with N t = 4, determined at β in Z(7) with N t = 4 for η = 0.25 (left) and for η = 0.0816 (right) on lattices with L ranging from 128 to 1024. Table 4 for Z(7) with N t = 2, determined at β Table 4 for Z(7) with N t = 4, determined at β Table 8 : Critical indices β/ν and γ/ν for the second transition in Z(5) with N t = 2, determined by the fits given in Eqs. (20) and (21) on the rotated magnetization M R and its susceptibility χ Table 8 for Z(5) with N t = 4, determined at β Table 8 for Z(7) with N t = 2, determined at β Table 8 for Z(7) with N t = 4, determined at β with formulae predicted by RG and modified to account for such corrections.
We find that the critical couplings for the first transition are well reproduced by the function
for suitable values of the parameters A, B and C, both for N t = 2 and N t = 4. The critical couplings for the second transition are well reproduced instead by the following functions: β
for suitable values of the parameters A, B and C, both for N t = 2 and N t = 4. The last formula has been suggested in Ref. [1] in the context of the zero-temperature theory.
As an illustration of our fits, Fig. 11 shows the dependence of β on N (parameter B = 0 in fitting formulas). One concludes from these plots that to distinguish between two scalings one should probably have data for smaller values of N = 2, 3, 4 at β s = 0.
Conclusions
In this paper we have studied the 3d Z(N) gauge theory at the finite temperature in the strong coupling region β s = 0. This study was based on the exact relation of this model to a generalized 2d Z(N) spin model. In Section 2 we established the exact relation between couplings of these two models, described qualitatively some of the RG predictions for effective model and gave analytical estimations of the critical couplings.
The main, numerical part of the work has been devoted to the localization of the critical couplings and to the computation of the critical indices:
• We have determined numerically the two critical couplings of Z(N = 5, 7, 9, 13)
LGTs and given estimates of the critical indices η at both transitions. For the first time we have a clear indication that for all N ≥ 5 the scenario of three phases is realized: a disordered phase at small β t , a massless or BKT one at intermediate values of β t and an ordered phase, occurring at larger and larger values of β t as N increases. This matches perfectly with the N → ∞ limit, i.e. the finite-temperature 3d U (1) LGT (at β s = 0), where the ordered phase is absent;
• We have found that the values of the critical index η at the two transitions are compatible with the theoretical expectations; in order to reproduce the expected value of η, we had to take into account logarithmic corrections with the exponent r fixed to 0.125;
• The index ν also appears to be compatible with the value 1/2, in agreement with RG predictions.
Results listed above present further evidence that finite-temperature 3d Z(N) LGTs for N > 4 undergo two phase transitions of the BKT type.
Moreover, this model belongs to the universality class of the 2d Z(N) spin model, at least in the strong coupling limit β s = 0.
Considering the determinations of the critical couplings as a function of N, we have conjectured the approximate scaling for β (1,2) c (N). Finally, the study performed here allows to improve our knowledge of the phase diagrams of the generalized 2d Z(N) spin models. As an example, we plot in Fig. 12 the general phase diagram for N = 5 in the (t 1 , t 2 )-plane, where t i = (B i /B 0 ) Nt , and B i are defined in (7) . Here, the line AB is self-dual line, SPM corresponds to the standard Potts model, VPM to the vector model. The SPM undergoes a first order phase transition with a critical point occurring on the self-dual line. The line of the first order phase transition terminates at the point 2. Its approximate position was computed in Ref. [29] . Shown are also the locations of the critical points for the VPM (N t = 1) and for Z (5) LGT with N t = 2, 4. The parametric curves for different N t lie very close to each other, so we cannot trace a sufficiently big part of the curve while changing N t . On the other hand it shows that already the model with N t = 4 presents a very good approximation to the finitetemperature limit. Indeed, the parametric curve for N t = 8 is almost indistinguishable from the curve with N t = 4.
